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In this paper we study the tunneling using a background independent (polymer) quantization
scheme. We show that at low energies, for the tunneling through a single potential barrier, the
polymer transmission coefficient and the polymer tunneling time converge to its quantum-mechanical
counterparts in a clear fashion. As the energy approaches the maximum these polymer quantities
abruptly decrease to zero. We use the transfer matrix method to study the tunneling through a
series of identical potential barriers. We obtain that the transmission coefficients (polymer and
quantum-mechanical) behave qualitatively in a similar manner, as expected. Finally we show that
the polymer tunneling time exhibits anomalous peaks compared with the standard result. Numerical
results are also presented.
PACS numbers: 03.65.-w, 04.60.Pp, 04.60.Ds
I. INTRODUCTION
One of the most important goals of modern theoreti-
cal physics is to reconcile two of its cornerstones: General
Relativity (GR) and Quantum Field Theory (QFT). Al-
though both theories have been successful in explaining
and predicting the observed phenomena with a high de-
gree of accuracy, they come with their own set of deficien-
cies: ultraviolet divergences in QFT and singularities in
GR. It is generally believed that a full Quantum Theory
of Gravity (QTG) will solve these outstanding problems.
Quantum gravitational effects are expected to become
relevant near the Planck scale, where spacetime itself is
assumed to be quantized. The most popular approach to
quantum gravity is String Theory (ST), where the fun-
damental particles are assumed to be extended objects
rather than being point-like. A background independent
quantization scheme that arose in Loop Quantum Grav-
ity (LQG), the so called Polymer Quantization (PQ), has
been used to explore mathematical and physical implica-
tions of theories such as quantum gravity [1, 2]. The huge
discrepancy between the Planck energy and the typical
energy scales we are able to reach in our experiments
make it virtually impossible to test these theories. How-
ever a possible route to test quantum gravitational effects
is through deviations from the standard theory.
Polymer quantization has attracted some attention in
recent years in the fields dealing with the quantum grav-
itational effects in a physical system. In this framework,
in Ref.[2] have been studied the quantum gravitational
corrections to the standard thermodynamical quantities.
On the other hand, in Ref.[3] the author studies the quan-
tum gravitational corrections to the temporal dynam-
ics of a well-known quantum transient phenomena, the
Diffraction in Time. Of course, such corrections depend
on the polymer length scale. Based on these approaches,
the purpose of this paper is to consider one of the simplest
∗Electronic address: alberto.martin@nucleares.unam.mx
quantum-mechanical phenomena, the tunneling through
a rectangular potential barrier, in order to explore if the
polymer theory induces whether or not significant devi-
ations from the well former quantum theory that could
be detected in lab.
The remainder of the paper is organized as follows.
In section II, the tunneling through a single rectangular
potential barrier will be discussed. Section III is devoted
to the tunneling through a series of rectangular potential
barriers. Finally, section IV summarizes the results of
this work and draws conclusions.
II. TUNNELING THROUGH A SINGLE
POTENTIAL BARRIER
Let us consider a polymer particle of mass m with en-
ergy E which incides upon a rectangular potential barrier
of height U0 > E and width L.
To address this problem, we restrict the dynamics to
an equispaced lattice γ (λ) = {αλ|α ∈ Z}. The spec-
trum of the position operator {xµ = µλ} consists of a
countable selection of points from the real line. Here λ
is regarded as a fundamental length scale of the polymer
theory. In appendix A we present a brief review of Poly-
mer Quantum Mechanics. In this framework the width
L is restricted to be multiple of the fundamental length,
i.e. L = nλ, with n ∈ Z+.
[Hereafter we use the following dimensionless quanti-
ties for position, momentum, energy and time
µ ≡ xµ
λ
, ρ ≡ pλ
~
, ε ≡ mλ
2E
~2
, τ =
~t
mλ2
(1)
respectively.]
We can begin the analysis of this setup by using the
time-independent polymer Schro¨dinger equation in coor-
dinate representation
ψµ+1 + ψµ−1 = 2 [1− (ε− υ)]ψµ, (2)
where
υ (µ) = υ0Θ (µ) Θ (n− µ) (3)
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2is the barrier potential with height υ0 > ε. Θ (x) is the
Heaviside step function.
Denoting by I, II and III the regions µ ≤ 0, µ ∈ [0, n]
and µ ≥ n, respectively, the wave functions for these
regions are
ψIµ = e
iρµ +Re−iρµ, (4)
ψIIµ = Ae
−κµ +Beκµ,
ψIIIµ = Te
iρµ,
where R and T are the reflected and transmitted am-
plitudes, respectively. Here ρ and κ satisfy the polymer
dispersion relations
ε = 1− cos ρ, (5)
ε− υ0 = 1− coshκ,
considering a fixed value of ε < υ0. Note that the free
energy spectrum is bounded from above (εmax = 2), and
the bound depends on the length scale λ.
As usual, for finding the amplitudes we must apply the
appropriate boundary conditions on the lattice. The con-
tinuity of the wave functions is needed as in the standard
quantum theory, but the continuity of spatial derivative
must be replaced by its discretized version. Then we have
the conditions
ψI0 = ψ
II
0 , (6)
ψIIn = ψ
III
n ,
ψI0+1 − ψI0−1 = ψII0+1 − ψII0−1,
ψIIn+1 − ψIIn−1 = ψIIIn+1 − ψIIIn−1,
which produce a set of four simultaneous equations. The
solution for the transmission amplitude is
T =
e−iρn
cosh (κn) + i ξ
2−σ2
2ξσ sinh (κn)
, (7)
where σ = sin ρ and ξ = sinhκ. The corresponding poly-
mer transmission coefficient is then T = |T |2. For com-
parison with the standard result, in fig. 1 we plot the
quantum-mechanical and the polymer transmission coef-
ficients for an electron incident upon a rectangular barrier
of height U0 = 10eV and thickness L = 1.8×10−10m. For
the polymer result we plot two cases, n = 2 (blue line)
and n = 100 (red line). This rectangular barrier is an ide-
alization of the barrier encountered by an electron that
is scattering from a negatively ionized gas atom in the
“plasma” of a gas discharge tube. The actual barrier is
not rectangular, of course, but it is about the height and
thickness quoted [4].
We observe that at low energies (n  1), the poly-
mer and standard cases behave qualitatively in a similar
manner, as expected. Indeed at second order of approx-
imation, the polymer transmission coefficient becomes
T ∼ T QM − 2
3
α
n2
2 − (1− )2
 (1− ) sinh
2
(√
α (1− )
)
, (8)
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FIG. 1: Plots of the quantum-mechanical (black line) and
the polymer transmission coefficients (the red line for
n = 100 and the blue line for n = 2) as a function of the
ratio  = E
U0
.
where T QM is the standard quantum mechanical result,
α ≡ 2mL2U0~2 and  ≡ EU0 . For the case n = 100 considered
in fig. 1, the polymer correction is of the order of 10−4,
which is extremely small to be detected in lab. Moreover
taking λ in the order of the Planck length (lp = 1.6 ×
10−35m), such deviation is extremely small (T −T QM ≈
l2p).
On the other hand, at high energies (n small) the poly-
mer effects become important, as we can see in fig. 1
(blue line, n = 2). The most astonishing result is that
the polymer transmission coefficient decreases abruptly
to zero when the energy approaches the maximum, i.e.
at max (n) =
4n2
α , while the quantum-mechanical result
remains at one. Compared with the typical energies we
are able to reach in our experiments, max is too high to
hope to be able to test such effect.
As any deviation from the standard theory is, at least
in principle, experimentally testable, now we study the
time-delay caused by tunneling. The analysis of tun-
neling time is complicated because time plays an un-
usual and subtle role in quantum theory. Unlike the
position (represented by a hermitian operator), time is
represented by a c-number. Consequently, although the
time-energy uncertainty relation is similar in appear-
ance to the familiar position-momentum uncertainty re-
lation, its origin and interpretation is quite different. In
this work we consider the usual procedure introduced
by Salecker and Wigner [5] for calculating the tunneling
time. In Ref.[6], the author presents a complete review
of the Salecker-Wigner procedure. Other possible ways
of definig the tunneling time are reviewed in Ref.[7, 8].
The phase difference of the wave function between the
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FIG. 2: Plots of the quantum-mechanical (black line) and
the polymer tunneling time (the red line for n = 100 and the
blue line for n = 2) as a function of the ratio  = E
U0
.
region I and III is
δ () = − arctan
[
ξ2 − σ2
2ξσ
tanh (κn)
]
, (9)
where we have used the transmission amplitude (7). The
tunneling time is defined as dδ()d . By differentiating (9)
we find that the expectation value of the polymer tun-
neling time is
τ =
2nσ
(
ξ2 − σ2)+ (ξ2 + σ2) ( ξσ cos ρ+ σξ coshκ) sinh (2κn)
(ξ2 + σ2)
2
cosh2 (κn)− (ξ2 − σ2)2
(10)
Of course, at low energies τ reduces to the quantum tun-
neling time. In fig. 2 we plot both, the polymer and
the quantum-mechanical tunneling time for the system
considered before. We can see that at low energies both
cases behave qualitatively in a similar manner. As we
increase energy, the polymer tunneling time starts to de-
viate from its quantum-mechanical counterpart. Also we
observe that τ decreases to zero when the energy ap-
proaches the maximum, while the quantum-mechanical
result remains in a finite value. So far we have seen that
the polymer effects become important at high energies,
however it would be interesting if the polymer effects
could be amplified at low energies. To this end, in the
next section we will consider the tunneling through a se-
ries of identical potential barriers.
III. TUNNELING THROUGH A SERIES OF
IDENTICAL POTENTIAL BARRIERS
Let us assume that there are N rectangular barriers
each of height U0 and width L = nλ, and the distance
between the two barriers is l = mλ, with n,m ∈ Z+. For
solving the problem we first find the transfer matrix T(1)
for a single barrier. The polymer wave function for the
three regions are
ψIµ = AIe
iρµ +BIe
−iρµ, (11)
ψIIµ = AIIe
−κµ +BIIeκµ,
ψIIIµ = AIIIe
iρµ +BIIIe
−iρµ,
and the transfer matrix T(1) is defined by[
AIII
BIII
]
= T(1) ×
[
AI
BI
]
. (12)
With the help of boundary conditions (7), we obtain the
elements of the transfer matrix as
T
(1)
11 = T
(1)∗
22 =
[
cosh (κn) + i
σ2 − ξ2
2σξ
sinh (κn)
]
e−iρn,(13)
T
(1)
12 = T
(1)∗
21 = −i
σ2 + ξ2
2σξ
sinh (κn) e−iρn,
and also that det T(1) = 1.
Now, let us generalize the problem to multiple poten-
tial barriers. The transfer matrix T(N) which relates the
amplitudes of the incoming and outgoing waves in the N
barrier system can be defined through[
AN
BN
]
= T(N) ×
[
AI
BI
]
. (14)
The transfer matrix method discussed before can be ex-
tended and applied to the N barrier system. We obtain
that the transfer matrix can be expressed as T(N) =
(F∗)N GN , where
F =
[
eiρ(n+m−1) 0
0 e−iρ(n+m−1)
]
(15)
and G = T(1)F. With the help of eq.(14) and the diag-
onal form of F we find that the matrix elements are
T
(N)
11 = T
(N)∗
22 = F
N
22 [G11 UN−1 − UN−2] , (16)
T
(N)
12 = T
(N)∗
21 = F
N
22 G12 UN−1,
where G11 = T
(1)
11 F11, G12 = T
(1)
12 F22,
UN−1 (g) =
gN+ − gN−
g+ − g− , (17)
g± = g ±
√
g2 − 1,
and g = Re [G11].
Depending on whether |g| < 1 or |g| > 1, we can
rewrite g+ and g− in the following ways: if |g| < 1 then
g+ = g
−1
− = e
iθ , cos θ = g, (18)
and UN−1 (cos θ) is the Chebyshev polynomial of the sec-
ond kind [9]. If |g| > 1, then
g+ = g
−1
− = e
ϕ , coshϕ = g, (19)
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FIG. 3: Plots of the quantum-mechanical (black line) and
the polymer transmission coefficients (the red line for
n = 100 and the blue line for n = 2) for a series of three
potential barriers as a function of the ratio  = E
U0
.
but
UN−1 (coshϕ) =
sinh (Nϕ)
sinhϕ
. (20)
The transmission amplitude TN across N barriers can be
obtained as ANA1 , but also imposing not reflected polymer
particles beyond the right end of the multibarrier system
(i.e. BN = 0). Using this fact together with eq. (14), the
transmission coefficient TN can be obtained as
TN = 1|T (N)11 |2
=
1
1 + |T(1)12 |2|UN−1|2
. (21)
In fig. 3 we present numerical results for the transmis-
sion coefficient for an electron incident upon a series of
three rectangular barriers of height U0 = 10eV, thick-
ness L = 1.8×10−10m and the distance between barriers
l = L. As in the previous section, it is clear that at
low energies the quantum-mechanical and the polymer
transmission coefficients behave qualitatively in a sim-
ilar manner. Also we observe that the polymer result
decreases abruptly to zero near the maximum energy.
The tunneling time can be analysed as in the previous
section. The phase difference between the incident wave
function at µ = 0 and the transmited wave function at
µ = N (n+m− 1) is
δ () = − arctan
(
Im [G11]
Re [G11]− UN−2UN−1
)
, (22)
which reduces to (9) in the appropriate limit. In fig. 4 we
superimpose the quantum-mechanical and the polymer
tunneling time for an electron incident upon a series of
three rectangular barriers. We observe that the polymer
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FIG. 4: Plots of the quantum-mechanical (black line) and
the polymer tunneling time (the red line for n = 100 and the
blue line for n = 2) for a series of three potential barriers as
a function of the ratio  = E
U0
.
tunneling time is smaller than its quantum-mechanical
counterpart, even at low energies. As before, it is clear
that the polymer result decreases to zero as the energy
approaches the maximum. An interesting finding is that
(21) exhibits anomalous peaks absent in the standard
result. So far we have found that, for the system we
have considered, the only significant difference between
both theories is not through the transmission probability
density, but through the tunneling time.
IV. DISCUSSION
The implementation of a minimal length scale in quan-
tum theory constitutes a fundamental bound below which
position can not be defined. It has been suggested
that the position-momentum uncertainty relation should
be modified to take into account the effects of spatial
grainy structure. The implementation of such ideas in
polymer quantum mechanics is a difficult task because
the momentum operator is not directly realized as in
Schro¨dinger quantum mechanics. Some phenomenolog-
ical aspects of effective QTG candidates have been in-
troduced in quantum mechanics through deformation of
the algebraic structure of ordinary quantum mechanics.
For instance the GUP and non-commutative geometry
are the most well known deformations that impose the
ultraviolet and infrared cutoffs for the physical systems
[10].
Assuming that the position-momentum Heisenberg un-
certainty relation remains unchanged, the lower bound
to the resolution of distances (∆x)min ∼ λ introduces an
upper bound to the resolution of momentum (∆p)max ∼
~λ−1, which in turn induces a minimal temporal win-
dow in the time-energy uncertainty relation given by
5(∆t)min ∼ mλ
2
~ . The small uncertainty in time implies
a large uncertainty in energy (∆E)max ∼ ~
2
mλ2 . The im-
plementation of both, the position-momentum and the
time-energy modified uncertainty relations, could play an
important role in other branches of physics. In theories
where there is no cutoff built-in, all states are expected
to contribute to amplitudes with equal strength and con-
sequently lead to UV infinities. A theory which naturally
provides the adequate cutoffs built-in could shed light on
the route for curing such UV divergences.
In summary, in this paper we have considered one of
the simplest quantum-mechanical phenomena, the tun-
neling through a potential barrier. The aim of this work
is to explore quantum gravitational corrections to the
transmission coefficient and the tunneling time. In sec-
tion II we find that at low energies, the polymer and the
quantum-mechanical results are similar, but in the high
energy regime the polymer effects take place. The most
important result in this case is that the polymer quanti-
ties abruptly decreases to zero as the energy approaches
the maximum. Of course, measuring this effect is now
not yet feasible. In section III we consider a series of N
identical potential barriers. Regarding the transmission
coefficient, we observe basically the same behaviour in
both cases, except as the energy approaches the maxi-
mum. The remarkable finding is that the polymer tun-
neling time is smaller than its quantum-mechanical coun-
terpart, and also it exhibits anomalous peaks absent in
the standard result.
Appendix A: Polymer Quantum Mechanics
In the Schro¨dinger representation of quantum mechan-
ics the Hilbert space is H = L2 (R, dx) with Lebesgue
measure dx. The central difference between the stan-
dard and polymer quantization is the choice of Hilbert
space [11, 12]. In loop or polymer representation, the
kinematical Hilbert space Hpoly is the Cauchy comple-
tion of the set of linear combination of some basis states
{|xµ〉}, with inner product
〈xµ|xν〉 = lim
T→∞
1
2T
∫ T
−T
dpe−i
p
~ (xµ−xν) = δµν , (A1)
where δµν is the Kronecker delta, instead of Dirac delta
as in Schro¨dinger representation, then we say that the
orthonormal basis is discrete. Plane waves are normaliz-
able in this inner product. The kinematical Hilbert space
can be written as Hpoly = L
2 (Rd, dµd), with dµd corre-
sponding Haar measure, and Rd the real line endowed
with the discrete topology [2].
The state of a polymer system can be expressed as
|Ψ〉 =
∑
µ
Ψ (xµ) |xµ〉 . (A2)
Here, |xµ〉 are eigenstates of the position operator
x̂ |xµ〉 = xµ |xµ〉 , (A3)
and the Ψ (xµ) are expansion coefficients. Note that
the spectrum of the position operator {xµ} consists of a
countable selection of points from the real line R, which
is analogous to the graph covering 3−manifolds in LQG.
The central feature here is that the momentum opera-
tor p̂ is not realized directly as in Schro¨dinger quantum
mechanics because of built-in notion of discreteness, but
arise indirectly through translation operator Ûλ ≡ ei p̂λ~
[1]. Hence, for the representation of the Heisenberg-Weyl
algebra we choose the position operator x̂ and the trans-
lation operator Ûλ instead of the momentum operator.
The action of the translation operator on position eigen-
states is
Ûλ |xµ〉 = |xµ − λ〉 ; (A4)
that is, Ûλ converts a position eigenstate with eigen-
value xµ into an eigenstate with eigenvalue xµ − λ.
These operators definitions give the basic commutator
[x̂, Ûλ] = −λÛλ, and Ûλ defines a one-parameter family
of unitary operators on Hpoly, where its adjoint is given
by Û†λ = Û−λ. Mathematically, polymer and Schro¨dinger
quantizations are inequivalent because Ûλ is discontinues
with respect to λ given that |xµ〉 and |xµ − λ〉 are always
orthogonal, no matter how small is λ [13].
However, inspired by the techniques used in Lattice
Gauge Theories and LQG, by introducing a fixed length
scale λ it is possible to define an effective momentum
operator as follows
p̂λ =
~
2iλ
(
Ûλ − Û†λ
)
, (A5)
which corresponds to the approximation pλ ~.
In L2 (R, dx), the λ→ 0 limit would give the usual mo-
mentum and momentum-squared operators −i~∂x and
−~2∂2x [1]. In Hpoly = L2 (Rd, dµd) this limit does not
exist because λ is regarded as a fundamental length scale
[3]. This is analogous to the quantum-classical transition
through ~→ 0 limit, where ~ is a non-zero fundamental
constant of quantum theory [14].
In order to study the dynamics of a physical system, we
may proceed as in the standard case, with the dynamics
determined by the Schro¨dinger equation, i.e. i~∂t |Ψ〉 =
Ĥλ |Ψ〉, whose stationary solution |Ψ〉 = e−iEt~ |ψ〉 are
constructed from the energy eigenstates of the Hamilto-
nian operator [15] :
Ĥλ =
~2
2mλ2
(
2− Û2λ − Û†2λ
)
+ V̂ (x̂) , (A6)
where the potential term is arbitrary but assumed to be
regular so that V̂ can be defined pointwise multiplication,〈
xµ
∣∣∣V̂ ∣∣∣ψ〉 = V (xµ) 〈xµ|ψ〉.
The dynamics generated by (A6) decomposes the poly-
mer Hilbert space Hpoly, into an infinite superselected
finite-dimensional subspaces, each with support on a reg-
ular lattice γ = γ (λ, x0) with the same space between
6points λ, where γ (λ, x0) = {nλ+ x0|n ∈ Z}, and x0 ∈
[0, λ). This way of choosing x0 fixes the superselected
sector, restricting the dynamics to a lattice γ (λ, x0) and
work on separable Hilbert space Hx0poly consisting of wave
functions which are non-zero only on the lattice.
Hence, the Schro¨dinger equation and the associated
eigenvalue problem becomes a difference equation for the
wave function in coordinate representation
ψµ+1 + ψµ−1 = 2
{
1− mλ
2
~2
[E − V (x)]
}
ψµ. (A7)
In contrast, in the momentum representation, it is
generically a differential equation for ϕ (p) :
~2
mλ2
[
1− cos
(
pλ
~
)]
ϕ (p) = [E − V (−i~∂p)]ϕ (p) .
(A8)
Working on γ (λ, x0) restricts momentum wave func-
tions ϕ (p) to periodic functions of period 2pi~λ with the
inner product formula (A1) reducing to:
〈xµ|xν〉 = 〈xµ|
(
λ
2pi~
∫ pi~
λ
−pi~λ
dp|p 〉〈 p|
)
|xν〉 = δµν , (A9)
and p ∈ (−pi~λ , pi~λ ). Note that the identity operator
(readed from (A9)) on such subspace serves to define the
inner product on Hx0poly in the momentum representation.
The dynamical quantum evolution of physical states
can be described by the polymer propagator [16], which
can be defined in the usual way. For time-independent
Hamiltonian this is
kλ (xµ, t;xν , t0) = 〈xµ| e−i
Ĥλ(t−t0)
~ |xν〉 , (A10)
where we have chosen x0 = 0, so that xµ = µλ. Hence,
given an initial physical state at t = t0 , i.e. |xν , t0〉, the
state of the system for latter times in coordinate repre-
sentation is given by
ψ (xµ, t) =
∑
ν
kλ (xµ, t;xν , t0)ψ (xν , t0) . (A11)
From its definition, it follows that the polymer propa-
gator satisfy the standard consistency requirements to
implement well-defined quantum evolution.
We conclude this brief review by pointing out that the
polymer dynamics is equivalent to the conventional dis-
crete approximation to the Schro¨dinger equation when
working on an superselected sector, but the conceptual
difference is that in the polymer theory the lattice spac-
ing is a fundamental constant of the theory.
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